We examine the possibility of the flavor symmetry being SU f (3) in which the phenomenologically successful discreet symmetry A4 is embedded. The allowed quadratic and quartic potentials are constructed exploiting the full symmetry chain SU (3) ⊃ SO(4) ⊃ A4. The spontaneous symmetry breaking in the special case of the SU f (3) octet scalar fields is analyzed.
INTRODUCTION
For three generations of fermions the maximum horizontal symmetry is expected to be SU (3) which contains as a subgroup the phenomenologically acceptable discreet symmetry A 4 . It is known the the irreducible representations of A 4 are three singlets indicated as 1, 1 ′ , 1 ′′ and a triplet indicated as 3. The irreducible representations of SU (3) are specified by two non negative integers (λ, µ). These are related to the young tableaux [f 1 , f 2 , f 3 ] , f 1 ≥ f 2 ≥ f 3 of U (3) by λ = f 1 − f 2 and µ = f 2 − f 3 In particle physics the SU (3) representations are indicated merely by their dimension. This is not adequate for our purposes since there may be more than one irreducible representations with the same dimension.(µ, λ) is the adjoined (conjugate) of (λ, µ). Representations of the type (λ, λ) are self-adjoined.
The SO(3) or R(3) group is well known angular momentum theory. The A 4 is a discreet group isomorphic to the tetrahedral symmetry that has recently become popular in particle physics in connection with the neutrino mass. It is obviously a subgroup of SO (3) . Since, however, there exist three quark and lepton families, one may suppose an SU (3) flavor symmetry and would like to see the A 4 emerging as a subgroup of SU (3). We note that the 12 elements of the classes C 1 , C 3 , C 5 form a group, 4 = C 1 + C 3 + C 5 . The group 4 is isomorphic to the tetrahedral group. with respect to A 4 the class C 3 splits into two classes:
THE STRUCTURE OF A4
C 3 ⇔ (1 2 3), (4 2 1), (4 3 2), (1 3 4), C 3 ⇔ (1 2 4), (4 2 1), (4 3 1), (2 3 4) So there exist 4 classes and, hence, 4 irreducible representations with dimensions constrained by:
which has a unique solution:
The three dimensional is the most important. We have :
• The identity element, 3 × 3.
• The elements of class C 5 commute and they can be simultaneously diagonalized. Since they are orthogonal with determinant equal to one they can be cast into the form:
This representation is often called real. The matrix t 2 is sometimes denoted byS ′ .
• the operator (1 2 3) induces the transformation (x 1 , x 2 , x 3 ) → (x 2 , x 3 , x 1 ) and (1 3 2) the transformation (x 1 , x 2 , x 3 ) → (x 3 , x 1 , x 2 ). They are thus represented as:
In terms of them we get
In other words:
The matrix b(2) is sometimes denoted by T ′ . The elements T = (123) and S = (14)(23) are the generators of the group.
Thus one can select a basis in which T is diagonal. Indeed
We start with SU (3) ⊃ SO(3) basis. The states in this chain are specified by the SU (3) quantum numbers (λ, µ) as well as the angular momentum quantum numbers (L, M ). The construction of these states is well known [1] . In general an additional quantum number κ is needed,
It is not easy to construct an operator, which is made up from the generators of SU (3) and commutes with L 2 and L z , with eigenvalues that specify κ. So, whenever this additional quantum number is needed to remove L− degeneracy, we will use an algorithm already developed [1] .
The reduction of the SO(3) representations to A 4 has been considered in the past, with elegant but abstract and rather obscure for most physicists mathematical techniques [2] [3] [4] . We will try to do this in a more direct way motivated by physics. This way we will get a handle on how to construct the SU (3) ⊃ SO(3) ⊃ A 4 invariants and break the SU (3) down to A 4 From the character tables of A 4 and SO(3) one can show that the reduction of SO(3) ⊃ A 4 . Since, however, A 4 is isomorphic to the tetrahedral symmetry T it is adequate to consider th the well known expression [8] involving the reduction for SO(3) ⊃ T :
So the L = 1 states are purely triplets, the L = 3 states are linear combination of the A 4 invariant 1 and two trplets, while the L = 2 states are linear combination of the two singlet non-invariant states 1 ′ and s 1 ′′ as well as one triplet. In order to derive the reduction for the L = 1 states we found it convenient to realize the eigenstates of the cyclic permutation (1 2 3) of A 4 in the angular momentum basis involving at least three particles. Then a basis is specified by the magnetic quantum numbers{m 1 , m 2 , m 3 } for the three spin one objects. Since the operator (1 2 3) commutes
, both of them can be simultaneously diagonalized. This means that it is adequate to consider each m = m 1 + m 2 + m 3 separately.
Each particle is put in the fundamental SU (3) representation 1, m. Thus in the case of L ≤ 3, we have the following possibilities:
• m = 3. The only combination is {m 1 , m 2 , m 3 } = {1, 1, 1}. Clearly this is an eigenstate of (1 2 3) with eigenvalue 1 and an eigenvector identified with the A 4 invariant singlet to be denoted 1(3). The number in parenthesis indicates the m-value of the state.
• {m 1 , m 2 , m 3 } = {0, 0, 0} . This is an eigenstate of of (1 2 3).
• m = 2. Now we have 1 possibility with three sets: {m 1 , m 2 , m 3 } = {1, 1, 0}, {1, 0, 1}, {0, 1, 1}. Now the eigenvalues are ω, ω 2 and 1 with eigenvectors given as above. The transformation connecting the two basis given by:
• m = 1. Now we have two possibilities:
These two sets do not mix and again the eigenvalues are ω, ω 2 and 1. The transformation connecting the two basis given by:
• m = 0. Now we have two possibilities:
These two sets can be diagonalized separately. The transformation connecting the two basis given by:
There is no need to consider the negative M values, since their A 4 structure coincides with the above for M ≥ 0. In the chosen basis the conjugate states coincide with these states for M even and they are opposite for M odd, a behavior typical of the angular momentum states. In any case the A 4 singlet states are specified by the corresponding M value for M=2, but in addition by a second a label a and b in the case of M = ±1 and M = 0. If each particle is in the fundamental SU (3) representation 1, m the possible three particle states are
, where the indicated numbers designate the angular momentum of the two particle state, the angular momentum of the third particle and, as an upper index, the total angular momentum of the thee particles respectively . The two particle states are designated in a similar manner [1 × 1] L L = 0, 1, 2. The SU (3) states are: i) (λ, µ) = (3, 0), which corresponds to the completely symmetric or 10-dimensional representation, ii) the regular (λ, µ) = (1, 1), 8 or octet and iii) the (λ, µ = (0, 0), singlet or completely antisymmetric representation. Their angular decomposition is as follows:
It is now straightforward to expand the L, M states in terms of the three particle states(1, m 1 ), (1, m 2 ), (1, m 3 ) via the Clebcsh-Gordan coefficients. Then transform them in the above A 4 basis to get the needed expansion of the SU (3) states in terms of the states of A 4 . The results are:
• For the (λ, µ) = (1, 1), L = 2 we have:
2. For the (λ, µ) = (3, 0)
• For the (λ, µ) = (3, 0)L = 3 we get:
• For the (λ, µ) = (3, 0)L = 1 we find: 
In the above notation t
indicates a triplet with i = 1, 2, 3 specifying the SU(3) representation (λ, µ) = (1, 1) and (3, 0) respectively, j numbers the respective triplet in that representation and m the angular momentum projection. On the other hand 1(3) indicates the A 4 invariant singlet appearing in (30)and 1(0) the invariant singlet appearing in (0,0), while 1 ′ (2) and 1 ′′ (2) are the A 4 non invariant singlets appearing in the octet.
Constructing the SO(3) invariants is well known. The quadratic SU (3) invariants are going to be of the form
The quartic invariants are going to be of the form:
where the quantum number κ has been omitted for simplicity. The reduction (0, λ) × (λ, 0) is quite simple:
over all possible allowed combinations of the quantum numbers on the right. In the space of the above SU (3) representations to construct the scalar potential up to quartic terms in these representations one needs the SU (3) Wigner coefficients for the reductions:
The last one is an SU(3) scalar, and can appear in the quadratic potential. All the resulting representations are self adjoined. So they can be coupled with theselves to yield a quartic SU (3) scalar. The technology of the available SU (3) coefficients [1] can easily be extended to evaluate all of them, as shown in the appendix.
ii) The self conjugate (octet) SU (3) representation:
(1, 1) × (1, 1) → (3, 0) + (2, 2) + 2(1, 1) + (0, 3) + (0, 0)
The last one can appear in the quadratic term of the potential. The the available tables of SU (3) coefficients [1] are adequate for their evaluation , but for the readers convenience we will supply them in the appendix. They can be appropriately combined to yield a quartic scalar.
iii) The coupling of the two considered representations, namely the decaplet and the octet to yield a quartic scalar. These, however, are not independent of those involved in i) and ii) above. In fact the resulting quartic coupling can be obtained by that combining i) and ii) via SU (3) re-coupling coefficients. So we will not consider them further.
In the case i) the angular momentum decomposition is a follows
So one can construct 1 quadratic and 16 quartic SU (3) × SO(3) invariants. In the case ii) above we have 3 possible combinations since there exist two possible (λ, µ)L = (1, 1), L states. Then the angular momentum decomposition is:
(the index ρ appears since the octet can be obtained more than once). So one can construct 14 quartic SU (3)×SO(3) invariants. One can construct 10 more invariants by combining i) and ii) involving the self adjoined representations with the exception of (3,3) of i), without increasing the number of scalars.
Using the results obtained in the appendix one can write the invariant terms in terms of the component of the Higgs fields. Let us consider each case separately.
• The quadratic term (see Eq. 14). Then
where T indicate irreducible SU (3) tensors. Using the conjugation properties of the SU(3) states [5] , [6] one finds:
where the needed overlaps are computed via the expressions given above.
• The quartic terns. Proceeding as above we find:
where the κ labels are understood. The needed overlaps are now complicated, but they can be computed using the C-G coefficients discussed in the appendix.
DISCUSSION
We have seen that by introducing only the 10 = (3, 0) and 8 = (1, 1) scalars of the group SU f (3) it is possible to construct more SU f (3) ⊃ SO(3) quadratic and quartic invariants, containing a large number of candidates to acquire a vacuum expectation. So, in principle, possible to eat up all the SU f (3) gauge bosons after spontaneously breaking the symmetry. The needed SU f (3) ⊃ SO(3) C-G to this goal have been calculated. We have included the 10 = (3, 0), because of its nice feature regarding the invariantA 4 singlet it contains. It is not clear whether this representation is contained in a higher symmetry group G, G ⊃ SU f (3), but the octet is expected to be included. The latter, however, may be adequate for the spontaneous symmetry breaking, since it does not contain invariant singlets. So once its eight components acquire a vacuum expectation value they will give a mass to the 8 gauge bosons of the theory.
APPENDIX: THE NEEDED SU (3) ⊃ SO(3) C-G COEFFICIENTS
The full C-G coefficient needed for the reduction of SU (3) ⊗ SU (3) representations factorizes into one SU (3) ⊃ SO(3) and one SO(2) ⊃ SO(2) factor. Symbolically:
So, since the usual SO(2) ⊃ SO(2) C-G coefficient is well known, we need consider only the double bar coefficients. The only SU (3) ⊃ SO(3) C-G coefficients, not found in the literature [1] are those involving the (3, 0) ⊗ (0, 3) reduction. On this occasion we will consider the general reduction
To this end we will use the build-up procedure [1]
is an analogous function for the SU(3) group, which can be judiciously chosen to make the above expression as simple as possible. It can be computed by requiring the C-G coefficients of the left hand side to be suitably normalized. A convenient choice is
Using Eq. (25a) of the above reference it can be cast in the form:
with dim(λ, µ) = 1 2 (λ + 1)(µ + 1)(λ + µ + 2) the dimension of (λ, µ). All the SU (3) G-C entering the right hand side of the previous equation can be found in the tables [1] . The parameter κ needed in case there exists degeneracy in L, will be omitted in the cases that such a degeneracy is not present. We have obtained analytic expressions for the results, but their quite cumbersome. So we will present here the results needed here. We should mention that only the entries with non zero valus of the C-G are included in the tables below. 
Incidentally the SU (3) U-functions are: respectively. We will now consider the self adjoined representations In the case of the SU(3) scalar representation we have the quadratic invariance :
In the case of the 8 = (11) representation the needed SU (3) C-G can be obtained from the existing tables [1], but, for the reader's convenience, we will include them here. X 9 ⇔ (1, 1)L, (11)ℓ||(2, 2), L ′ = 4 ≻= 1
THE SCALAR POTENTIAL
We will assume that the allowed scalars can be put in the self adjoined representations as follows: 
with x 7 = 1 ′ (2) and x 8 = 1 ′′ (2)). The scalar potential can be written in terms of the possible SU(3) invariants. There exist many invariants, even if one restricts the scalars to transform like the SU(3) 8. In this case the following are sufficient: 
In the following we will use the notation:
(λ,µ)=(0,0)L=0
Thus we find that the term X 1 = (1(0)) 2 plays no role since it is made of an A 4 invariant singlet. Thus the essential invariants is a selection of at least 8 from the above invariants, 8 being the number of parameters, which can acquire a vacuum expectation value. We find: 
